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Abstract

o -1 t-2 t—(n-1)
t te t.y
ty i to

|t e to |

The fundamental theorems on the asymptotic behavior of eigenval-
ues, inverses, and products of “finite section” Toeplitz matrices and
Toeplitz matrices with absolutely summable elements are derived in a
tutorial manner. Mathematical elegance and generality are sacrificed
for conceptual simplicity and insight in the hopes of making these re-
sults available to engineers lacking either the background or endurance
to attack the mathematical literature on the subject. By limiting the
generality of the matrices considered the essential ideas and results
can be conveyed in a more intuitive manner without the mathematical
machinery required for the most general cases. As an application the
results are applied to the study of the covariance matrices and their
factors of linear models of discrete time random processes.
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1

Introduction

A Toeplitz matrix is an n x n matrix T;, = t ; where t; ; = t;_;, i.e.,
a matrix of the form

o t-1 o2 - l_(po1)
o to t_g
T, = to t1 to . (1.1)
|ty ... to |

Examples of such matrices are covariance matrices of weakly station-
ary stochastic time series and matrix representations of linear time-
invariant discrete time filters. There are numerous other applications
in mathematics, physics, information theory, estimation theory, etc. A
great deal is known about the behavior of such matrices — the most
common and complete references being Grenander and Szego [13] and
Widom [29]. A more recent text devoted to the subject is Bottcher and
Silbermann [4]. Unfortunately, however, the necessary level of math-
ematical sophistication for understanding reference [13] is frequently
beyond that of one species of applied mathematician for whom the
theory can be quite useful but is relatively little understood. This caste
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2 Introduction

consists of engineers doing relatively mathematical (for an engineer-
ing background) work in any of the areas mentioned. This apparent
dilemma provides the motivation for attempting a tutorial introduc-
tion on Toeplitz matrices that proves the essential theorems using the
simplest possible and most intuitive mathematics. Some simple and
fundamental methods that are deeply buried (at least to the untrained
mathematician) in [13] are here made explicit.

In addition to the fundamental theorems, several related results that
naturally follow but do not appear to be collected together anywhere
are presented.

The essential prerequisites for this book are a knowledge of matrix
theory, an engineer’s knowledge of Fourier series and random processes
and calculus (Riemann integration). A first course in analysis would
be helpful, but it is not assumed. Several of the occasional results re-
quired of analysis are usually contained in one or more courses in the
usual engineering curriculum, e.g., the Cauchy-Schwarz and triangle
inequalities. Hopefully the only unfamiliar results are a corollary to
the Courant-Fischer theorem and the Weierstrass approximation the-
orem. The latter is an intuitive result which is easily believed even if
not formally proved. More advanced results from Lebesgue integration,
functional analysis, and Fourier series are not used.

The approach of this book is to relate the properties of Toeplitz ma-
trices to those of their simpler, more structured cousin — the circulant
or cyclic matrix. These two matrices are shown to be asymptotically
equivalent in a certain sense and this is shown to imply that eigenvalues,
inverses, products, and determinants behave similarly. This approach
provides a simplified and direct path (to the author’s point of view)
to the basic eigenvalue distribution and related theorems. This method
is implicit but not immediately apparent in the more complicated and
more general results of Grenander in Chapter 7 of [13]. The basic re-
sults for the special case of a finite order Toeplitz matrix appeared in
[10], a tutorial treatment of the simplest case which was in turn based
on the first draft of this work. The results were subsequently general-
ized using essentially the same simple methods, but they remain less
general than those of [13].

As an application several of the results are applied to study certain
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models of discrete time random processes. Two common linear mod-
els are studied and some intuitively satisfying results on covariance
matrices and their factors are given. As an example from Shannon in-
formation theory, the Toeplitz results regarding the limiting behavior
of determinants is applied to find the differential entropy rate of a sta-
tionary Gaussian random process.

We sacrifice mathematical elegance and generality for conceptual
simplicity in the hope that this will bring an understanding of the
interesting and useful properties of Toeplitz matrices to a wider audi-
ence, specifically to those who have lacked either the background or the
patience to tackle the mathematical literature on the subject.






2

The Asymptotic Behavior of Matrices

In this chapter we begin with relevant definitions and a prerequisite
theorem and proceed to a discussion of the asymptotic eigenvalue, prod-
uct, and inverse behavior of sequences of matrices. The major use of
the theorems of this chapter is that we can often study the asymp-
totic behavior of complicated matrices by studying a more structured
and simpler asymptotically equivalent matrix, as will be developed in
subsequent chapters.

2.1 Eigenvalues

The eigenvalues oy and the (right) eigenvectors (n-tuples) xj of an
n X n matrix A are the solutions to the equation

Az = ax (2.1)

and hence the eigenvalues are the roots of the characteristic equation
of A:

det(A—al)=0 . (2.2)

If the eigenvalues are real, then we will usually assume that they are
ordered in nonincreasing fashion, i.e., a1 > ag > ag---.

5



6 The Asymptotic Behavior of Matrices
Any complex matrix A can be written as
A=URU", (2.3)

where the asterisk * denotes conjugate transpose, U is unitary, i.e.,
U=t =U* and R = {ry;} is an upper triangular matrix ([15], p. 79).
The eigenvalues of A are the principal diagonal elements of R. If A
is normal, i.e., if A*A = AA*, then R is a diagonal matrix, which we
denote as R = diag(ay). If A is Hermitian, i.e., if A* = A, then the
eigenvalues are real. If a matrix is Hermitian, then it is also normal.

A matrix A is nonnegative definite if 2* Az > 0 for all nonzero vec-
tors . The matrix is positive definite if the inequality is strict for all
nonzero vectors x. (Some books refer to these properties as positive
definite and strictly positive definite, respectively. If an Hermitian ma-
trix is nonnegative definite, then its eigenvalues are all nonnegative. If
the matrix is positive definite, then the eigenvalues are all (strictly)
positive.

The extreme values of the eigenvalues of an Hermitian matrix H
can be characterized in terms of the Rayleigh quotient H and a vector
(complex n—tuple) x defined by

Ry(z) = (z"Hz)/(x*x). (2.4)

As the result is both important and simple prove, we state and prove it
formally. The result will be useful in specifying the interval containing
the eigenvalues of an Hermitian matrix.

Usually in books on matrix theory it is proved as a corollary to
the variational description of eigenvalues given by the Courant-Fischer
theorem (see, e.g., [15], p. 116, for the case of real symmetric matrices),
but the following result is easily demonstrated directly.

Lemma 2.1. Given an Hermitian matrix H, let 1y and 7, be the
maximum and minimum eigenvalues of H, respectively. Then

Nm = min Ry(x) = _n}in_l x*Hx (2.5)
v = max Ry(z) = max *Hz (2.6)
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Proof. Suppose that e,, and ey; are eigenvectors corresponding to the
minimum and maximum eigenvalues 7, and 7, respectively. Then
Ry (em) = nm and Ry (epr) = nar and therefore

Nm > min Ry(x) (2.7)

v < max Ry(z). (2.8)

Since H is Hermitian we can write H = U AU*, where U is unitary and
A is the diagonal matrix of the eigenvalues 7y, and therefore
z*Hzx c*UAU*x

¥z T*T
v Ay e Lyl
vy ekl
where y = U*z and we have taken advantage of the fact that U is
unitary so that z*z = y*y. But for all vectors y, this ratio is bound

below by 7,, and above by n;; and hence for all vectors x

Nm < Rp(z) < num (2.9)

which with (2.7-2.8) completes the proof of the left-hand equalities of
the lemma. The right-hand equalities are easily seen to hold since if x
minimizes (maximizes) the Rayleigh quotient, then the normalized vec-
tor x/x*x satisfies the constraint of the minimization (maximization)
to the right, hence the minimum (maximum) of the Rayleigh quotion
must be bigger (smaller) than the constrained minimum (maximum) to
the right. Converseley, if x achieves the rightmost optimization, then
the same z yields a Rayleigh quotient of the the same optimum value.
O

The following lemma is useful when studying non-Hermitian ma-
trices and products of Hermitian matrices. First note that if A is an
arbitrary complex matrix, then the matrix A*A is both Hermitian and
nonnegative definite. It is Hermitian because (A*A)* = A*A and it is
nonnegative definite since if for any complex vector x we define the
complex vector y = Ax, then

(AT Az =yy=> |yl* > 0.
k=1



8  The Asymptotic Behavior of Matrices

Lemma 2.2. Let A be a matrix with eigenvalues «y,. Define the eigen-
values of the Hermitian nonnegative definite matrix A*A to be A, > 0.

Then
n—1 n—1
Sz Yl 2.10)
k=0 k=0

with equality iff (if and only if) A is normal.
Proof. The trace of a matrix is the sum of the diagonal elements of a

matrix. The trace is invariant to unitary operations so that it also is
equal to the sum of the eigenvalues of a matrix, i.e.,

n—1 n—1
Tr{A*A} =) (A" A= _ M. (2.11)
k=0 k=0

We have

Tr{A*A} = Tr{R*R}

n—1n—1
= 2D Iral
k=0 j=0
n—1
= >l +D Il
k=0 k#j

n—1
> Yl (2.12)
k=0

Equation (2.12) will hold with equality iff R is diagonal and hence iff
A is normal. 0

Lemma 2.2 is a direct consequence of Shur’s theorem ([15], pp. 229-
231) and is also proved in [13], p. 106.

2.2 Matrix Norms

To study the asymptotic equivalence of matrices we require a metric
or equivalently a norm of the appropriate kind. Two norms — the
operator or strong norm and the Hilbert-Schmidt or weak norm (also
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called the Frobenius norm or Euclidean norm when the scaling term n
is removed) — will be used here ([13], pp. 102-103).

Let A be a matrix with eigenvalues oy, and let A\ > 0 be the eigen-
values of the Hermitian nonnegative definite matrix A*A. The strong
norm || A || is defined by

| All= mngA*A(x)l/z = max [2"A*Az]'/?. (2.13)

rxrr=1

From Lermma 2.1
A 2= max A\, = Ay 2.14
k

The strong norm of A can be bounded below by letting ejs be the eigen-
vector of A corresponding to ajy, the eigenvalue of A having largest
absolute value:

| A|*= _Inax ¥ A* Az > (el A% (Aenr) = |a|. (2.15)

If A is itself Hermitian, then its eigenvalues «y, are real and the eigen-
values A\ of A*A are simply A\ = a%. This follows since if e®*) is an
eigenvector of A with eigenvalue ay, then A* Ae®) = oy A*e(k) = aie(k).

Thus, in particular, if A is Hermitian then
I A ||= max ek | = |an]. (2.16)

The weak norm (or Hilbert-Schmidt norm) of an n x n matrix
A = {ay,;} is defined by

1/2
n—1ln—1 /

Al = |70 Janyl?

k=0 j=0

n—1 1/2
= (n_lTr[A*A])1/2:<n_1Z)\k> : (2.17)

The quantity \/n|A| is sometimes called the Frobenius norm or Eu-
clidean norm. From lemma 2.2 we have
n—1
|AP? >n~! Z lag |?, with equality iff A is normal. (2.18)
k=0
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The Hilbert-Schmidt norm is the “weaker” of the two norms since

n—1
AP=max\y >n 1Y N\ = A2 2.19
4 P= w2 7 30 = 14 (219)
A matrix is said to be bounded if it is bounded in both norms.
Note that both the strong and the weak norms are in fact norms
in the linear space of matrices, i.e., both satisfy the following three
axioms:

1. ||A|>0, withequality iff A =0 , the all zero matrix.
2. A+ B<[ A+ B]
3. [ eAl=lc- [ Al

(2.20)
The triangle inequality in (2.20) will be used often as is the following
direct consequence:

[A=BI=[[Al=1BII (2.21)

The weak norm is usually the most useful and easiest to handle of
the two but the strong norm is handy in providing a bound for the
product of two matrices as shown in the next lemma.

Lemma 2.3. Given two n x n matrices G = {g;;} and H = {hy;},
then
(GH| <[| G || -[H]. (2.22)

Proof. Expanding terms yields

IGH? = 0™ 31 gikhwl?
i j k
= n_lzzzzgakgz‘,mhmﬁm,j (2.23)
) i k m

= n7') hWGGhy,

J
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where h; is the j* column of H. From (2.13)
(h;G*Ghy)/(h5hy) <] G |I”
and therefore
(GHP? <n™ || G2 Y h5hy = G | | H*.
J
O

Lemma 2.2 is the matrix equivalent of 7.3a of ([13], p. 103). Note
that the lemma does not require that G or H be Hermitian.

2.3 Asymptotically Equivalent Matrices

We will be considering n X n matrices that approximate each other as
n becomes large. As might be expected, we will use the weak norm of
the difference of two matrices as a measure of the “distance” between
them. Two sequences of n X n matrices A, and B, are said to be
asymptotically equivalent if

(1) A, and B,, are uniformly bounded in strong (and hence in
weak) norm:

[ Anll s I Ball< M < oo (2.24)

and
(2) A, — B, = D,, goes to zero in weak norm as n — co:

lim |A, — B,| = lim |D,|=0.

n—oo

Asymptotic equivalence of A,, and B, will be abbreviated A,, ~ B,,.
We can immediately prove several properties of asymptotic equiva-
lence which are collected in the following theorem.

Theorem 2.1.

(1) If A,, ~ By, then

lim |A,| = lim |B,|. (2.25)
n—oo n—oo
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(2) If A, ~ B, and B,, ~ C),, then A,, ~ C,,.

(3) If A, ~ B, and C,, ~ D,,, then A,,C,, ~ B, D,,.

(4) If A, ~ B, and || A ||, || B ||I€ K < oo, ie., AL
and B, ! exist and are uniformly bounded by some constant
independent of n, then A, ! ~ B L.

(5) If AyB,, ~ Cp and || A, ||< K < oo, then B, ~ A;1C,,.

(6) If A, ~ B, then there are finite constants m and M such
that

m < anpBor <M, n=1,2... k=01,...,n—1.
(2.26)

Proof.

(1) Eq. (2.25) follows directly from (2.21).
(2) |An—Ch| = |Ap—Bn+B,—Cy| < |Ap—By|+|Bn—Ch| n— 0
(3) Applying lemma 2.2 yields

|AnCr — BpDy| = |AnCh — ApDy + AnD,, — ByDy|

< ” An H ’Cn - DnH‘ H Dn H "An - Bn’

n=oe 0
(4)

AN =B = By BuAn - Bl ARALY
< B 1AL Br = Aul
w0,

(5)
B,—-A'c, = A'A,B,— A 'C,
< 14| [AnBn — Gl
nooo 0.

(6) If A, ~ B, then they are uniformly bounded in strong norm
by some finite number M and hence from (2.18), |ay, x| < M
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and |B,k| < M and hence —M < i, Bnk < M. So the
result holds for m = —M and it may hold for larger m, e.g.,
m = 0 if the matrices are all nonnegative definite.

O
The above results will be useful in several of the later proofs. Asymp-
totic equality of matrices will be shown to imply that eigenvalues, prod-
ucts, and inverses behave similarly. The following lemma provides a
prelude of the type of result obtainable for eigenvalues and will itself
serve as the essential part of the more general results to follow. It shows
that if the weak norm of the difference of the two matrices is small, then
the sums of the eigenvalues of each must be close.

Lemma 2.4. Given two matrices A and B with eigenvalues o, and
B, respectively, then

n—1 n—1 n—1
'Y k=0Tt Bl =InTt D (k- Bi) < |A-B.
k=0 k=0 k=0

Proof: Define the difference matrix D = A — B = {d}, ;} so that
n—1 n—1
k=Y B = Tr(A)—Tx(B)
k=0 k=0

= Tr(D).
Applying the Cauchy-Schwartz inequality (see, e.g., [19], p. 17) to
Tr(D) yields
2
Te(D)]* =

n—1
§ d. 1
k=0

n—1

< ny |dpgl?
k=0
n—1n—1

< ny D ldesl?
k=0 j=0

= n?|D%. (2.27)
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Taking the square root and dividing by n proves the lemma. O
An immediate consequence of the lemma is the following corollary.

Corollary 2.1. Given two sequences of asymptotically equivalent ma-
trices A, and B,, with eigenvalues o, ; and (3, i, respectively, then

n—1 n—1
Tim n~! ;)amk = lim n~! kZ:OBn,k (2.28)
or, equivalently,
n—1
nh—>Hc?>lo nt kz_o(an,k - ﬁn,k) =0. (229)

Proof. Let D,, = {dj ;} = A, — By. Eq. (2.28) is equivalent to

lim n~'Tr(D,) = 0. (2.30)

n—oo

Dividing by n?, and taking the limit, results in

0 < |n'Tr(D,) > < |Dpl?* =000 (2.31)
from the lemma, which implies (2.30) and hence (2.28). O

The previous corollary can be interpreted as saying the sample or
arithmetic means of the eigenvalues of two matrices are asymptotically
equal if the matrices are asymptotically equivalent. It is easy to see
that if the matrices are Hermitian, a similar result holds for the means
of the squared eigenvalues. From (2.21) and (2.18),

[Dn = [[An] = Bl |

n—1 n—1
_ - 2 - 2
- ‘ n 1Zan,k_ n 1zﬂn,k‘
k=0 k=0

—
n—oo 0

if | D,,| n—c 0, yielding the following corollary.
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Corollary 2.2. Given two sequences of asymptotically equivalent Her-
mitian matrices A, and B,, with eigenvalues o, ; and (3, i, respectively,
then

n—1 n—1
nlLH;O n! Z a?hk = nanolo n! Z Bik (2.32)
k=0 k=0
or, equivalently,
n—1
lim ! > (edy—B2)=0. (2.33)
k=0

Both corollaries relate limiting sample (arithmetic) averages of
eigenvalues or moments of an eigenvalue distribution rather than in-
dividual eigenvalues. Equations (2.28) and (2.32) are special cases of
the following fundamental theorem of asymptotic eigenvalue distribu-
tion.

Theorem 2.2. Let A, and B, be asymptotically equivalent sequences
of matrices with eigenvalues «,, , and (3, j, respectively. Assume that

n—1
the eigenvalue moments of either matrix converge, e.g., lim n ! E a, g
n—oo ’
. . . o). . k:(]
exists and is finite for any positive integer s. Then
n—1 n—1
: -1 s 1 -1 s
lim n Zan,k = lim n Z/ank (2.34)
n—oo n—oo
k=0 k=0

Proof. Let A,, = B, + D,, as in Corollary 2.1 and consider A; — B} 2
A, Since the eigenvalues of Aj, are a;, ;, (2.34) can be written in terms
of A, as

lim n~'TrA,, = 0. (2.35)

n—00

The matrix A,, is a sum of several terms each being a product of A,,’s

and B,,’s but containing at least one D,,. Repeated application of lemma
2.3 thus gives

|A,| < K'|Dy| n—o 0. (2.36)

where K’ does not depend on n. Equation (2.36) allows us to apply
Corollary 2.1 to the matrices A7 and D; to obtain (2.35) and hence
(2.34). O
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Theorem 2.2 is the fundamental theorem concerning asymptotic
eigenvalue behavior. Most of the succeeding results on eigenvalues will
be applications or specializations of (2.34).

Since (2.32) holds for any positive integer s we can add sums corre-
sponding to different values of s to each side of (2.32). This observation
immediately yields the following corollary.

Corollary 2.3. Let A, and B,, be asymptotically equivalent sequences
of matrices with eigenvalues o, and (3, j, respectively, and let f(z)
be any polynomial. Then

n—1 n—1
lim n~* Zf (px) = lim n~! Zf (Bn.k) - (2.37)
k=0 k=0

Whether or not A, and B, are Hermitian, Corollary 2.3 implies
that (2.37) can hold for any analytic function f(z) since such functions
can be expanded into complex Taylor series, i.e., into polynomials. If
A, and B, are Hermitian, however, then a much stronger result is
possible. In this case the eigenvalues of both matrices are real and we
can invoke the Stone-Weierstrass approximation theorem ([19], p. 146)
to immediately generalize Corollary 2.3. This theorem, our one real
excursion into analysis, is stated below for reference.

Theorem 2.3. (Stone-Weierstrass) If F'(z) is a continuous complex
function on [a,b], there exists a sequence of polynomials p,(z) such
that

lim py(z) = F(z)

n—oo

uniformly on [a, b].

Stated simply, any continuous function defined on a real interval can
be approximated arbitrarily closely by a polynomial. Applying theorem
2.3 to Corollary 2.3 immediately yields the following theorem:

Theorem 2.4. Let A, and B,, be asymptotically equivalent sequences
of Hermitian matrices with eigenvalues o, ; and (3,1, respectively.
From theorem 2.1 there exist finite numbers m and M such that

m < anpbor <M, n=1,2... k=01,....,n—1.
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Let F(x) be an arbitrary function continuous on [m, M]. Then

n—1 n—1
lim n~ 'Y Flags) = lim n 'Y F(Ba) (2.38)
k=0 k=0

if either of the limits exists. Equivalently,

n—1
Tim 0ty (Fang) = F(Bg) = 0 (2.39)
k=0

Theorem 2.4 is the matrix equivalent of theorem (7.4a) of [13].
When two real sequences {o, 1k = 0,1,...,n — 1} and {By 4k =
0,1,...,n— 1} satisfy (2.26)-(2.38), they are said to be asymptotically
equally distributed ([13], p. 62, where the definition is attributed to
Weyl).

As an example of the use of theorem 2.4 we prove the following
corollary on the determinants of asymptotically equivalent matrices.

Corollary 2.4. Let A, and B, be asymptotically equivalent Hermi-
tian matrices with eigenvalues o, and S, j, respectively, such that
ks Bn i > m > 0. Then

lim (det A,)Y™ = lim (det B,,)"/™. (2.40)

n—oo n—oo

Proof. From theorem 2.4 we have for F(z) =Inz

n—1 n—1
lim n~* E Inay, ;= lim n~! E In 3,
n—oo n—oo

k=0 k=0

and hence
n—1 n—1
. -1 T —1
nh_}ngo exp [n In H an,k] = nlLHOIO exp [n In H Bn,k]
k=0 k=0
or equivalently
lim exp[n~'Indet A,] = lim exp[n~'Indet B,],

n—oo n—oo

from which (2.40) follows. O
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With suitable mathematical care the above corollary can be ex-
tended to cases where oy, 1,8, > 0 provided additional constraints
are imposed on the matrices. For example, if the matrices are assumed
to be Toeplitz matrices, then the result holds even if the eigenvalues can
get arbitrarily small but remain strictly positive. (See the discussion on
p. 66 and in Section 3.1 of [13] for the required technical conditions.)

In the preceding chapter the concept of asymptotic equivalence of
matrices was defined and its implications studied. The main conse-
quences have been the behavior of inverses and products (theorem 2.1)
and eigenvalues (theorems 2.2 and 2.4). These theorems do not con-
cern individual entries in the matrices or individual eigenvalues, rather
they describe an “average” behavior. Thus saying A-! ~ B! means
that that |A, ' — B !| n= 0 and says nothing about convergence of
individual entries in the matrix. In certain cases stronger results on a
type of elementwise convergence are possible using the stronger norm
of Baxter [1, 2]. Baxter’s results are beyond the scope of this book.

2.4 Asymptotically Absolutely Equal Distributions

It is possible to strengthen theorem 2.4 and some of the interim results
used in its derivation using reasonably elementary methods. The key
additional idea required is the Wielandt-Hoffman theorem [30], a re-
sult from matrix theory that is of independent interest. The theorem is
stated and a proof following Wilkinson [31] is presented for complete-
ness.

Lemma 2.5. (Wielandt-Hoffman theorem) Given two Hermitian ma-
trices A and B with eigenvalues oy and (3 in nonincreasing order,
respectively, then

n—1
n > oy — Byl* < |A— BJ%.
k=0

Proof: Since A and B are Hermitian, we can write them as A =
Udiag(ax)U*, B = Wdiag(8r)W™*, where U and W are unitary. Since
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the weak norm is not effected by multiplication by a unitary matrix,
[A—B| = |Udiag(ax)U* — Wdiag(B)W"|
= |diag(ay)U™ — U W diag (0 )W™|
= |diag(ay)UW — U"Wdiag ()|
= |diag(ax)Q — Qdiag(B)|,

where Q = U*W = {q¢; ;} is also unitary. The (7, j) entry in the matrix
diag(o)Q — Qdiag(B) is (a; — f5)qi,; and hence

n—1n—1 n—1n—1
_ A
A=BP =n""> " oy — BilPlaigP 2 )0 i — BiPpiy (241)
i=0 j=0 i=0 j=0

where we have defined p; ; — n_1|qi7j|2 Since ( is unitary, we also have

that
n—1 n—1
D il =l =1 (2.42)

or

[a—

n—1 n—1
Y b= pij= s (2.43)
i=0 =0

This can be interpreted in probability terms: p; ; = n_1|qi7j|2 is a prob-
ability mass function or pmfon {0, 1,...,n—1}? with uniform marginal
probability mass functions. Recall that it is assumed that the eigenval-
ues are ordered so that ag > oy > g > -+~ and Bg > B1 > Po > -+ -.

We claim that for all such matrices P satisfying (2.43), the right
hand side of (2.41) is minimized by P = n~'I, where I is the identity
matrix, so that

n—1n-1 n—1
Mo i = BilPpiy = D lei — Bif,
i=0 j=0 i=0

which will prove the result. To see this suppose the contrary. Let /¢
be the smallest integer in {0,1,...,n — 1} such that P has a nonzero
element off the diagonal in either row £ or in column £. If there is a
nonzero element in row £ off the diagonal, say p, , then there must also
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be a nonzero element in column £ off the diagonal, say py ¢ in order for
the constraints (2.43) to be satisfied. Since £ is the smallest such value,
¢ < aand £ < b. Let x be the smaller of p;, and p;;. Form a new
matrix P’ by adding z to pee and pp . and subtracting x from py , and
Pro- The new matrix still satisfies the constraints and it has a zero in
either position (b, ¢) or (¢,a). Furthermore the norm of P’ has changed
from that of P by an amount

z ((ag = Be)* + (o — Ba)® — (ar — Ba)? — (o — 3¢)?)
= —z(ar — ap)(Br — Ba) <0

since £ > b, £ > a, the eigenvalues are nonincreasing, and z is posi-
tive. Continuing in this fashion all nonzero offdiagonal elements can be
zeroed out without increasing the norm, proving the result. O
Applying the Cauchy-Schwartz inequality and the Wielandt-
Hoffman theorem yields the following strengthening of lemma 2.4,

n—1

> (o = Br)2Vn < |An = Bal,

k=0

which we formalize as the following lemma.

Lemma 2.6. Given two Hermitian matrices A and B with eigenvalues
a, and 3, in nonincreasing order, respectively, then

n—1

n > g — Bkl < |A- B,

k=0

Note in particular that the absolute values are outside the sum in
lemma 2.4 and inside the sum in lemma 2.6. As was done in the weaker
case, the result can be used to prove a stronger version of theorem
2.4. This line of reasoning, using the Wielandt-Hoffman theorem, was
pointed out by William F. Trench who used special cases in his pa-
per [20]. Similar arguments have become standard for treating eigen-
value distributions for Toeplitz and Hankel matrices. See, for example,
[7, 28, 3]. The following theorem provides the derivation. The specific
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statement result and its proof follow from a private communication
from William F. Trench. See also [?, 22, 23, 24, 25].

Theorem 2.5. Let A, and B, be asymptotically equivalent sequences
of Hermitian matrices with eigenvalues «,j and (3, ; in nonincreasing

order, respectively. From theorem 2.1 there exist finite numbers m and
M such that

m<ang B <M, n=12... k=0,1,...,n—1 (2.44)

Let F(x) be an arbitrary function continuous on [m, M]. Then

n—1
lim n~ "> [Flans) — F(Bug)| = 0. (2.45)
k=0

Note that the theorem strengthens the result of theorem 2.4 because
of the magnitude inside the sum. Following Trench [?] in this case the
eigenvalues are said to be asymptotically absolutely equally distributed.

Proof: From lemma 2.6

0N g = Bukl < A — Bal, (2.46)
k=0

which implies (2.45) for the case F'(r) = r. For any nonnegative integer
J

o, — B2 4| < jmax(jml, M) Yoy — Bugl-  (247)

By way of explanation consider a,b € [m,M]. Simple long division
shows that

al — J S
:E al '
a—>b —
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so that

al — b lad — b

PE L

|a — 0]

J
— ‘Zaj_lbl_1’
=1

J
< Z|aj—lbl—1|
=1
j .
= 3 fap
=1
< jmax(|ml, [M]Y7H,

which proves (2.47). This immediately implies that (2.45) holds for
functions of the form F(r) = r/ for positive integers j, which in turn
means the result holds for any polynomial. If F' is an arbitrary contin-
uous function on [m, M], then from theorem 2.3 given € > 0 there is a
polynomial P such that

|P(u) — F(u)| <e,u € [m,M].
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Using the triangle inequality,

n—1
n~! Z |F'(ank) — F(Bag)|
k=0

n—1
= 07 [P (o) = Plomg) + Plank) = P(Bug) + P(Bar) — F(Bu)]
k=0

n—1 n—1
< 0 Y F(ang) = Plani) |+ 17t Y [Plans) = PG
k=0 k=0
n—1
A0 P (Bug) — F (B
k=0
n—1
< 240" ) |Plomg) — P(Bag)]
k=0

As n — oo the remaining sum goes to 0, which proves the theorem
since € can be made arbitrarily small. O
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Circulant Matrices

The properties of circulant matrices are well known and easily derived
([15], p. 267,[6]). Since these matrices are used both to approximate and
explain the behavior of Toeplitz matrices, it is instructive to present
one version of the relevant derivations here.

3.1 Eigenvalues and Eigenvectors

A circulant matrix C' is one having the form

[co a o ce o Cpet |
Cne1 €0 €1 €2
C = Ch—1 Co C1 B , (31)
: . . .
cl
e o Cn—1 co |

where each row is a cyclic shift of the row above it. The structure can
also be characterized by noting that the (k,j) entry of C', Cy ;, is given
by

Ck.,j = C(j—k) mod n

25
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which identifies C as a special type of Toeplitz matrix.
The eigenvalues 1y, and the eigenvectors y*) of C are the solutions
of
Cy=vy (3.2)

or, equivalently, of the n difference equations

m—1 n—1
D CnemikUk+ Y Chomk =Y Ym; m=0,1,...,n =1 (3.3)
k=0 k=m

Changing the summation dummy variable results in

n—1l—-m

n—1
Z ClYk+m + Z ChUk—(n—m) =¥ Ym; m=0,1,... ,n—1. (3.4)
k=0 k=n—m

One can solve difference equations as one solves differential equations
— by guessing an (hopefully) intuitive solution and then proving that it
works. Since the equation is linear with constant coefficients a reason-
able guess is y; = p* (analogous to y(t) = €°7 in linear time invariant
differential equations). Substitution into (3.4) and cancellation of p™
yields

n—1l-m n—1
Yoad o D ad =1
k=0 k=n—m
Thus if we choose p~" = 1, i.e., p is one of the n distinct complex n'*
roots of unity, then we have an eigenvalue
n—1
= cpp (3.5)
k=0

with corresponding eigenvector

y=n""2(1,p,0% ... 0", (3.6)

where the prime denotes transpose where the normalization is chosen

to give the eigenvector unit energy. Choosing p,, as the complex n'*
root of unity, py, = e~ 2™/ we have eigenvalue
n—1
Y = Z ck€—27rimk/n (3.7)

k=0
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and eigenvector

y(m) _ 12 (176—27rim/n

9 I

e—27ri(n—1)/n> .
From (3.7) we can write
C=U0vU", (3.8)

where

— o172 {e—2m'mk/n; m,k=0,1,...,n— 1}

U = {Yr0k—j}

where ¢ is the Kronecker delta,

5m:{1 m=20

0 otherwise

To verify (3.8) denote that the (k,7)™ element of UVU* by ay ; and
observe that aj; will be the product of the kth row of UW¥, which
is {n=1/2e=2mmk/ny, ;= 0,2,...,n — 1}, times the jth row of U,

{n=1/2e2mmi/n: i = 0,2,... ,n — 1} so that
n—1
a; = Tl_l Ze2wzm(j—k)/nwm
m=0
n—1 n—1
— n—l Z e27rzm(]—k)/nzcre—2mmr/n
m=0 r=0

n—1 n-1
— n—lzcrze%rim(j—k—r)/n. (39)

r=0 m=0
But we have

Ti 2mim(i—k—r)/n _ {n k—j=—rmodn
m=0

0 otherwise

so that ayj = ¢_(x—j) mod n- Thus (3.8) and (3.1) are equivalent. Fur-
thermore (3.9) shows that any matrix expressible in the form (3.8) is
circulant.
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It should also be familiar to those with standard engineering back-
grounds that 1, in (3.7) is simply the discrete Fourier transform (DFT)
of the sequence ¢ and (3.8) can be interpreted as a combination of
the Fourier inversion formula and the Fourier cyclic shift formula.
Since C'is unitarily similar to a diagonal matrix it is normal. Note
that all circulant matrices have the same set of eigenvectors.

3.2 Properties

The following theorem summarizes the properties derived in the previ-
ous section regarding eigenvalues and eigenvectors of circulant matrices
and provides some easy implications.

Theorem 3.1. Let C = {¢;_;} and B = {b;_;} be circulant n x n
matrices with eigenvalues

n—1
Vm = Z cke—27r7,mk/n

k=0

n—1

By = Z bke—27rimk/n :
k=0
respectively.

(1) C and B commute and
CB=BC=U"U |,

where v = {{, 8 0k,m }, and CB is also a circulant matrix.
(2) C + B is a circulant matrix and

C+B=U"QU,

where Q = {(¢¥m + Bm)0k.m}
(3) If ¢, #0; m=0,1,...,n — 1, then C is nonsingular and

cl=vuv"U

so that the inverse of C' can be constructed in a straightfor-
ward manner.
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Proof. We have C' = U*WU and B = U*®U where ¥ and ® are
diagonal matrices with elements 1,0y, and 3,, ¢y m, respectively.

(1) CB=U*"YUU*®U

=U"voU

=U*®VU = BC

Since U is diagonal, (3.9) implies that C'B is circulant.
(2) C+B=U*(V+o)U
(3) c~t=(UrvU)!

= U~y

if ¥ is nonsingular.

O

Circulant matrices are an especially tractable class of matrices since
inverses, products, and sums are also circulant matrices and hence both
straightforward to construct and normal. In addition the eigenvalues of
such matrices can easily be found exactly.

In the next chapter we shall see that certain circulant matrices
asymptotically approximate Toeplitz matrices and hence from Chapter
2 results similar to those in theorem 3.1 will hold asymptotically for
Toeplitz matrices.






4

Toeplitz Matrices

4.1 Bounded Toeplitz Matrices

In this chapter the asymptotic behavior of inverses, products, eigen-
values, and determinants of finite Toeplitz matrices is derived by con-
structing an asymptotically equivalent circulant matrix and applying
the results of the previous chapters. Consider the infinite sequence
{ti;k = 0,£1,£2,--- } and define the finite (n x n) Toeplitz matrix
T, = {tk—;} as in (1.1). Toeplitz matrices can be classified by the re-
strictions placed on the sequence t;. If there exists a finite m such that
tr = 0, |k| > m, then T,, is said to be a finite order Toeplitz matrix. If
ti is an infinite sequence, then there are two common constraints. The
most general is to assume that the ¢; are square summable, i.e., that

o0

>l <oo . (4.1)

k=—o00

Unfortunately this case requires mathematical machinery beyond that
assumed here; i.e., Lebesgue integration and a relatively advanced
knowledge of Fourier series. We will make the stronger assumption that

31
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the t; are absolutely summable, i.e.,

o0
> Il < oo (4.2)
k=—00

This assumption greatly simplifies the mathematics but does not alter
the fundamental concepts involved. As the main purpose here is tutorial
and we wish chiefly to relay the flavor and an intuitive feel for the
results, we here confine interest to the absolutely summable case. The
main advantage of (4.2) over (4.1) is that it ensures the existence and
continuity of the Fourier series f(\) defined by

fN) = Z tee™ = lim Z tpettr (4.3)
k=—00 k=—n

Not only does the limit in (4.3) converge if (4.2) holds, it converges
uniformly for all A, that is, we have that

f()\) _ Zn: tkeik)‘

k=—n

—n—1 00

_ Z treth 4 Z £ et

k=—o00 k=n+1

00
Z tkeik)\

k=n+1

—n—1

Z tkeik)\

k=—o0

IN

_l’_

)

—n—1 0o

Stk + D [l

k=—o00 k=n+1

IN

where the righthand side does not depend on A and it goes to zero as
n — oo from (4.2), thus given € there is a single N, not depending on
A, such that

=3t

k=—n

<e, all Ae[0,27], if n> N. (4.4)

Note that (4.2) is indeed a stronger constraint than (4.1) since

S il < { 3 |tk|}2.

k=—o00 k=—00



4.1. Bounded Toeplitz Matrices 33

Note also that (4.2) implies that f()) is bounded since

SOl < D tee™

k=—o00

[e.e]
<30 Il £ My < oo
k=—00
The matrix 7}, will be Hermitian if and only if f is real, in which case
we denote the least upper bound and greatest lower bound of f(\) by
My and my, respectively. Observe that max(|my|, [My[) < M.

Since f(A) is the Fourier series of the sequence ti, we could alter-
natively begin with a bounded and hence Riemann integrable function
JF(A) on [0,27] (|f(N)] < My < oo for all \) and define the sequence
of n x n Toeplitz matrices

2
T (f) = {(277)—1/ FO)e  E=Dran sk j=0,1,--- ,n—1

" (4.5)
As before, the Toeplitz matrices will be Hermitian iff f is real. The as-
sumption that f(\) is Riemann integrable implies that f(\) is continu-
ous except possibly at a countable number of points. Which assumption
is made depends on whether one begins with a sequence t; or a func-
tion f(A) — either assumption will be equivalent for our purposes since
it is the Riemann integrability of f(\) that simplifies the bookkeeping
in either case. Before finding a simple asymptotic equivalent matrix to
T,, we use lemma 2.1 to find a bound on the eigenvalues of T, when
it is Hermitian and an upper bound to the strong norm in the general
case.

Lemma 4.1. Let 7, be the eigenvalues of a Toeplitz matrix T),(f).
If T,,(f) is Hermitian, then

myg < Ty < My. (4.6)
Whether or not T,,(f) is Hermitian,
| Tn(f) 1< 2M)y (4.7)
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so that the matrix is uniformly bounded over n if f is bounded.

Proof. Property (4.6) follows from lemma 2.1:
MAX Ty f = max(z*T,x)/(z" )
x
mkin T = min(z*Tx) /(2" )
xT

so that

n—1ln—1

o T,r = ZZtk_j:Ekij

k=0 j=0

d\

and likewise

n—1

2T
e = Z lz]? = (2m)~ / d\| ZZE etkA 2,
0

k=0

Combining (4.9)-(4.10) results in

d)\ (A Zxke

my < = Mg,

/ d\
0 k=0

Zxkeim

(4.9)

(4.10)

(4.11)

which with (4.8) yields (4.6). Alternatively, observe in (4.11) that if
e®) is the eigenvector associated with 7, j, then the quadratic form
with & = e®) yields 2*T,x = 7, 1 3270 |7&|?. Thus (4.11) implies (4.6)

directly.

a
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We have already seen in (2.16) that if 7, (f) is Hermitian, then
| Tn(f) ||= maxy |7k = |7y, 0|, which we have just shown satisfies
|Tn, 0| < max(|My|, [my[) which in turn must be less than M)y, which
proves (4.7) for Hermitian matrices.. Suppose that T),(f) is not Hermi-
tian or, equivalently, that f is not real. Any function f can be written
in terms of its real and imaginary parts, f = f, + if;, where both f,
and f; are real. In particular, f, = (f + f*)/2 and f; = (f — f*)/2i.
Since the strong norm is a norm,

1T () = I Tulfr +ifi) |l
= [ Ta(fr) +iTn(fi) |

| To(fe) | + | Tl fi) |
< My, + My,

IN

Since [(f £ f*)/2 < (If[+]f*])/2 < My, My, |+ My, < 2M)y), proving
(4.7). O

Note for later use that the weak norm between Toeplitz matrices
has a simpler form than (2.14). Let T, = {t5—;} and T}, = {t; _;} be
Toeplitz, then by collecting equal terms we have

n—1ln—1
T TR = n S e
k=0 7=0
n—1

= ot Y (n— kD[t — [
it : (4.12)
n—1

= Z (1 — [kl /)ty — 1},
=—(n-1)

We are now ready to put all the pieces together to study the asymp-
totic behavior of T},. If we can find an asymptotically equivalent circu-
lant matrix then all of the results of Chapters 2 and 3 can be instantly
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applied. The main difference between the derivations for the finite and
infinite order case is the circulant matrix chosen. Hence to gain some
feel for the matrix chosen we first consider the simpler finite order case
where the answer is obvious, and then generalize in a natural way to
the infinite order case.

4.2 Finite Order Toeplitz Matrices

Let T, be a sequence of finite order Toeplitz matrices of order m + 1,
that is, t; = 0 unless |i| < m. Since we are interested in the behavior
or T, for large n we choose n >> m. A typical Toeplitz matrix will
then have the appearance of the following matrix, possessing a band of
nonzero entries down the central diagonal and zeros everywhere else.
With the exception of the upper left and lower right hand corners that
T, looks like a circulant matrix, i.e., each row is the row above shifted
to the right one place.

[t t_y -t ]
1 o
0
Im
T —
tm 0 t1 to t_q1 -0 t_m
tm

0 to t_q

I tm - t1 to |

(4.13)
We can make this matrix exactly into a circulant if we fill in the upper
right and lower left corners with the appropriate entries. Define the
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circulant matrix C' in just this way, i.e.,

[ tg toy ot tm
3]
tm 0
T_ tn tote tog - tom
0
lom
to
[t t—m tim e
& o,
07(21 C(()n)
- . (4.14)
& o @ ]
Equivalently, C, consists of cyclic shifts of (cg"), e ,cfln_)l) where
o k=0,1,---,m
(n) — 415
K t(n—k) k‘:’l’L—m,---,’l’L—l ( )
0 otherwise

Given T),(f), the circulant matrix defined as in (4.14)-(4.15) is denoted
Cn(f)-

tq
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The matrix C,(f) is intuitively a candidate for a simple matrix
asymptotically equivalent to T),(f) — we need only prove that it is
indeed both asymptotically equivalent and simple.

Lemma 4.2. The matrices T), and C), defined in (4.13) and (4.14) are
asymptotically equivalent, i.e., both are bounded in the strong norm
and
lim |T,, — C,| = 0. (4.16)
n—oo

Proof. The t; are obviously absolutely summable, so T, are uni-
formly bounded by 2M;| from lemma 4.1. The matrices C), are also
uniformly bounded since C;;C), is a circulant matrix with eigenvalues
|f(2mk/n)|? < 4M|2f‘ The weak norm of the difference is

m
T, — Cul> = n_lzk(|tk|2 + [t_gl?)
k=0

m

mn_lz(’tkP + ‘t_kfz) n—oo 0
k=0

IN

Od
The above lemma is almost trivial since the matrix 7;,, — C,, has

2 non-zero entries and hence the n~! in the weak norm

fewer than m
drives |T,, — C,| to zero.

From lemma 4.2 and theorem 2.2 we have the following lemma:

Lemma 4.3. Let T,, and C,, be as in (4.13) and (4.14) and let their
eigenvalues be 7, ;, and 1, 1., respectively, then for any positive integer

s
n—1 n—1
: —1 s 1 -1 S
nh_)ngon g Tk = nh_)r{)lon E Up k- (4.17)
k=0 k=0

In fact, for finite n,

n—1
nty T - Z WS el < Kn 2, (4.18)
k=0
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where K is not a function of n.

Proof. Equation (4.17) is direct from lemma 4.2 and theorem 2.2.
Equation (4.18) follows from Corollary 2.1 and lemma 4.2. O

Lemma 4.3 is of interest in that for finite order Toeplitz matrices
one can find the rate of convergence of the eigenvalue moments. It can
be shown that K < sM;_l.

The above two lemmas show that we can immediately apply the
results of Section IT to T,, and C,,. Although theorem 2.1 gives us im-
mediate hope of fruitfully studying inverses and products of Toeplitz
matrices, it is not yet clear that we have simplified the study of the
eigenvalues. The next lemma clarifies that we have indeed found a use-
ful approximation.

Lemma 4.4. Let C,(f) be constructed from T,,(f) as in (4.14) and
let 1, 1, be the eigenvalues of C,(f), then for any positive integer s we
have

n—1 2
lim n~ ' 4= (2m) 7" [ (V) dA (4.19)
k=0

n—~o0 0

If T,,(f) and hence C,(f) are Hermitian, then for any function F(z)
continuous on [my, M| we have

n—1 2

Jim n™ > F(bns) = @07 | FIFNIAA. - (420)
k=0
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Proof. From Chapter 3 we have exactly

n—1
Tpn,j — ch(gn)e—%rijk/n
k=0

m n—1
— Zt_ke—2ﬂijk/n+ Z tn_ke—%rijk/n ) (421)
k=0

k=n—m

= Z tye= 2k = f(2mjn~1)
k=—m
Note that the eigenvalues of C,, are simply the values of f(A) with A
uniformly spaced between 0 and 27. Defining 27k /n = A\ and 27 /n =
A\ we have

n—1 n—1
lim n_lzqﬁ;k = lim n_lzf(%rk‘/n)s
n—1
= lim > f(A) AN/(27)
21
= (2m! f(N)adN, (4.22)
0

where the continuity of f(\) guarantees the existence of the limit of
(4.22) as a Riemann integral. If T}, and C,, are Hermitian than the 1,
and f(A) are real and application of the Stone-Weierstrass theorem to
(4.22) yields (4.20). Lemma 4.2 and (4.21) ensure that ¢, and 7,
are in the real interval [myg, M]. O
Combining lemmas 4.2-4.4 and theorem 2.2 we have the following
special case of the fundamental eigenvalue distribution theorem.

Theorem 4.1. If T,,(f) is a finite order Toeplitz matrix with eigen-
values 7, 1, then for any positive integer s

n—1 o

lim n~ ' 7, =2m)7" [ f()7dA. (4.23)
n—oo ’ 0

k=0
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Furthermore, if T,,(f) is Hermitian, then for any function F'(z) contin-
uous on [m g, My]

n—1 2T
i ST P = @07 [ RO (@29
k=0 0

i.e., the sequences 7, and f(27k/n) are asymptotically equally dis-
tributed.

This behavior should seem reasonable since the equations T,x =
7z and Cpz = Yz, n > 2m + 1, are essentially the same n'" order
difference equation with different boundary conditions. It is in fact the
“nice” boundary conditions that make 1 easy to find exactly while
exact solutions for 7 are usually intractable.

With the eigenvalue problem in hand we could next write down
theorems on inverses and products of Toeplitz matrices using lemma
4.2 and the results of Chapters 2-3. Since these theorems are identi-
cal in statement and proof with the infinite order absolutely summable
Toeplitz case, we defer these theorems momentarily and generalize the-
orem 4.1 to more general Toeplitz matrices with no assumption of finite
order.

4.3 Absolutely Summable Toeplitz Matrices

Obviously the choice of an appropriate circulant matrix to approx-
imate a Toeplitz matrix is not unique, so we are free to choose a
construction with the most desirable properties. It will, in fact, prove
useful to consider two slightly different circulant approximations to a
given Toeplitz matrix. Say we have an absolutely summable sequence
{ti; k=0,£1,42,---} with

FO) = > e
k=—o00

(4.25)
2m ]
o= @mL [ F)em
0



42 Toeplitz Matrices

Define C,(f) to be the circulant matrix with top row

(Cén) ’ an)a e 707(7,7?1) where
n—1 N
& =07t femj/n)e?miakin (4.26)
§=0

Since f()) is Riemann integrable, we have that for fixed k

n—1
lim c,(g") = lim n_IZf(%Tj/n)e%ijk/"
=0

(4.27)

2
= (2n)7! f()\)ei“d/\ =1t_p
0

and hence the c,(gn) are simply the sum approximations to the Riemann

integral giving t_j. Equations (4.26), (3.7), and (3.9) show that the
eigenvalues ¢, ,,, of C, are simply f(2rm/n); that is, from (3.7) and
(3.9)

n—1
Ynm = Zcén)e—2m'mk/n

k=0
n—1 n—1

_ Z n—lZf(2ﬂ.j/n)e27rijk/n e—2mimk/n
k=0 j=0 . (4.28)
n—1 n—1

_ Zf(277]/n) {n—lz227rik(j—m)/n}
=0 k=0

— F(2mm/n)

Thus, Cy,(f) has the useful property (4.21) of the circulant approxima-
tion (4.15) used in the finite case. As a result, the conclusions of lemma
4.4 hold for the more general case with C,,(f) constructed as in (4.26).
Equation (4.28) in turn defines C,,(f) since, if we are told that C), is a
circulant matrix with eigenvalues f(27rm/n),m =0,1,--- ,n — 1, then
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from (3.9)
n—1
C](gn) — pl Z¢n,me2mmk/n
m=0
, (4.29)
n—1
— p1 Z f(2ﬂ.m/n)e27rimk/n
m=0

as in (4.26). Thus, either (4.26) or (4.28) can be used to define Cy,(f).
The fact that lemma 4.4 holds for C,,(f) yields several useful prop-
erties as summarized by the following lemma.

Lemma 4.5.

(1) Given a function f of (4.25) and the circulant matrix Cy,(f)
defined by (4.26), then

()
C](;L) = Z t—k-i-mn ) k= 07 17 N 1. (430)

m=—00

(Note, the sum exists since the ¢ are absolutely summable.)
(2) Given T),(f) where f(A) is real and f(X) > my > 0, then

Cu(f)™h = Cu(1/F).
(3) Given two functions f(\) and g(}), then
Cn(f)Cnl9) = Cu(fyg)-
Proof.

(1) Since e~2™k/" ig periodic with period n, we have that
o0 o
f(27rj/n) — Z tmei27rjm/n Z t_me—i27rjm/n
m=—o00 m=—o00

n—1

00
_ Z Z t_1+mne—2m]l/n

=0 m=—0c0
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and hence from (4.26) and (3.9)

n—1
c](gn) — n—lZf(2ﬂ.j/n)e27rijk/n
=0

n—1ln—1 e )

_ n—1ZZ Z t_ eI (k=0 /n

7=0 [=0 m=—0o0

n—1 oo n—1
— Z Z t 1tmn n—lze%my(k—l)/n
=0 m=—0c0 7=0
oo
= Z t—k—i—mn
m=—00

(2) Since C,(f) has eigenvalues f(27wk/n) > 0, by theorem 3.1
Cn(f)~" has eigenvalues 1/f(27k/n), and hence from (4.29)
and the fact that C,(f)~! is circulant we have C,(f)~! =
Cu(1/1)-

(3) Follows immediately from theorem 3.1 and the fact that, if
f(A) and g(\) are Riemann integrable, so is f(A)g(\).

Od

Equation (4.30) points out a shortcoming of Cy,(f) for applications

as a circulant approximation to T),(f) — it depends on the entire se-

quence {tx;k = 0,4+1,£2,---} and not just on the finite collection of

elements {ty;k = 0,%1,--- ,£n—1} of T,,(f). This can cause problems

in practical situations where we wish a circulant approximation to a

Toeplitz matrix T;, when we only know T,, and not f. Pearl [16] dis-

cusses several coding and filtering applications where this restriction

is necessary for practical reasons. A natural such approximation is to
form the truncated Fourier series

fa(N) = Zn: tret, (4.31)

k=—n

which depends only on {tx;k = 0,+1,--- ,+n—1}, and then define the
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circulant matrix

~ N

Crn = Cu(fn); (4.32)
that is, the circulant matrix having as top row (é(()"), e ,ég?l) where
n—1
é]in) _ n—lan(Zﬂ.j/n)e%rijk/n
j=0
n—1 n
_ n—lz ( Z tme27rijk/n> e2mijk/n (433)
j=0 \m=-n
n n—1
_ Z t n—lze27rij(k+m)/n
m=—n 7=0
The last term in parentheses is from (3.9) 1 if m = —k or m = n — k,

and hence
& =t pta , k=01, ,n—1.

Note that both C,(f) and C,, = Cy,(f,) reduces to the C,,(f) of (4.15)
for an r* order Toeplitz matrix if n > 2r + 1.

The matrix C,, does not have the property (4.28) of having eigen-
values f(27k/n) in the general case (its eigenvalues are f,(27k/n), k =
0,1,--- ,n—1), but it does not have the desirable property of depend-
ing only on the entries of T},. The following lemma shows that these

circulant matrices are asymptotically equivalent to each other and to
Th.

Lemma 4.6. Let T, = {t;_;} where

o0

> ] < o0

k=—00

and define as usual

F) =) tre™

k=—o00
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Define the circulant matrices C,(f) and C,, = C,,(f,) as in (4.26) and
(4.31)-(4.32). Then,
Co(f) ~ Cp ~ T, (4.34)

Proof. Since both C,,(f) and C,, are circulant matrices with the same
eigenvectors (theorem 3.1), we have from part 2 of theorem 3.1 and
(2.14) and the comment following it that

n—1
(Culf) = Cul? = 0" S | (2mk/n) — fu(2mk/m)P
k=0

Recall from (4.4) and the related discussion that f,,(\) uniformly con-
verges to f(\), and hence given € > 0 there is an N such that forn > N
we have for all k,n that

|f(2rk(n) — fu(2nk/n)]> < €

and hence for n > N

n—1

1Cn(f) — én|2 <n7! ZE =e.

=0

Since € is arbitrary,

proving that
Co(f) ~ Ch. (4.35)

Next, Cp, = {t}._,;} and use (4.12) to obtain

n—1

|Tn_én|2 = Z (1_|k|/n)|tk_t;c|2'
=—(n-1)
From (4.33) we have that
a(n)
Gl = twtte-p k<0
) = (4.36)

év(f_)k = b jnp Tk k>0
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and hence

n—1

o1+ ) (1= E/n)([tn—kl* + [t (i) *)
k=0

T — C?

n—1

[tnal®+ D Ge/m) ([t + [t-x[?)

k=0

Since the {t;} are absolutely summable,
lim |tn_1|2 =0
n—oo

and given € > 0 we can choose an N large enough so that

o
It + k> <e
=N

and hence
n—1

Tim [T~ Cul = lim S (/) (el + 1l
k=0

n—oo

k=0 k=N

N-1 n—1
~ lm {Z<k/n><|tk|2+|t_k|2>+ S (e /m) ([t 2 + t_4])

o

N-1
<t ot (zkw . |t_k|2>> S ) <
k=0

k=N

Since € is arbitrary,
lim |7, — Cp| =0

n—oo

and hence

47

T, ~ Ch, (4.37)

which with (4.35) and theorem 2.1 proves (4.34).

a

Pearl [16] develops a circulant matrix similar to C,, (depending only
on the entries of T),) such that (4.37) holds in the more general case

where (4.1) instead of (4.2) holds.

} |
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We now have a circulant matrix C),(f) asymptotically equivalent
to T;, and whose eigenvalues, inverses and products are known exactly.
We can now use lemmas 4.2-4.4 and theorems 2.2-2.3 to immediately
generalize theorem 4.1

Theorem 4.2. Let T,,(f) be a sequence of Toeplitz matrices such that
f(X) is Riemann integrable, e.g., f()\) is bounded or the sequence ¢, is
absolutely summable. Then if 7, ; are the eigenvalues of 7T}, and s is
any positive integer

n—1 2

lim n~'» 78, =2m)7 [ f()TdA. (4.38)
0

n—00
k=0

Furthermore, if T),(f) is Hermitian (f(\) is real) then for any function
F(x) continuous on [m s, My]

n—1 27
Tim ntY Frag) = (2m) 7 / F[f(N)]dA. (4.39)
k=0 0

Theorem 4.2 is the fundamental eigenvalue distribution theorem
of Szego [1]. The approach used here is essentially a specialization of
Grenander’s ([13], ch. 7).

Theorem 4.2 yields the following two corollaries.

Corollary 4.1. Let T,,(f) be Hermitian and define the eigenvalue dis-

tribution function Dy,(z) =n~! (number of 7, < x). Assume that

/ d\ = 0.
Xf(N)=z

Then the limiting distribution D(x) = lim,,_o, D,(x) exists and is
given by

D(z) = (2m) 7! / d\.

f)<z
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The technical condition of a zero integral over the region of the
set of A for which f(\) = z is needed to ensure that z is a point of
continuity of the limiting distribution.

Proof. Define the characteristic function

1 my<a<z

1m(a) =
0 otherwise
We have
n—1
D(e) = lim 0 Y Lo(r)
k=0

Unfortunately, 1,(«) is not a continuous function and hence theorem
4.2 cannot be immediately implied. To get around this problem we
mimic Grenander and Szeg6 p. 115 and define two continuous functions
that provide upper and lower bounds to 1, and will converge to it in
the limit. Define

1 a<czx
1 (a) = 1-2 r<a<z+e
0 rT+e<
1 a<z—c¢
1 (o) = 1—“%”5 r—e<a<cz
0 T <o

The idea here is that the upper bound has an output of 1 everywhere
1, does, but then it drops in a continuous linear fashion to zero at x + ¢
instead of immediately at z. The lower bound has a 0 everywhere 1,
does and it rises linearly from z to x — € to the value of 1 instead of
instantaneously as does 1,. Clearly

1, (a) < 1(a) < 11 (a)

for all .
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Since both 1} and 1, are continuous, theorem 4 can be used to
conclude that

n—1
: -1
Jm 01 ()
k=0

— @0 / (V) dA

= (271')_1/ dX + (27) 1/ M)d)\
f)<Lz z<f(\) <:E+e €

< (277)_1/ d\ + (2m) 1/
f< <) <~’v+6

and

n—1
lim n~* Z 1, (Tn k)
n—oo P
— @07 [ o)
_ (o)1 )L fQ) = (z—¢)
= (2m) /fmgx Ed)\+ (2 /“<f - =) d
= (2m)7! d\ + (2m) 7! A)) d\

(2r) /mm T / IR

v
o
2
|
A
—
I
>

= (27r)—1/ d)\—(27r)‘1/ d\
FN<a z—e<f(N<z

These inequalities imply that for any € > 0, as n grows the sample
average n~ 'Y 1o 5 14(7n,) will be sandwiched between

(2m) 71 / d\ + (2m) 71 / dX
FV<e z<f(\)<a+e

(2m)~ ! / d\ — (2m) 71 / dX.
FN<a r—e<f(N<z

and
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Since € can be made arbitrarily small, this means the sum will be

(2m)~! / d\
FV<e

sandwiched between

and
(2m)~t / d\ — (2m) 71 / d\.
FV)<z FN)=z
Thus if
/ d\ =0,
f)=z
then

21
D) = (2! /0 L [F(V)]dA

= (271)_11)/ d\
f)<z

Corollary 4.2. For T,,(f) Hermitian we have

lim max T, = My
n—oo k ’

lim min 7, = my.
n—oo k ’

Proof. From Corollary 4.1 we have for any ¢ > 0
D(mf—i-e):/ d\ > 0.
f)<myg+e

The strict inequality follows from the continuity of f(\). Since

lim n~' {number of 7,4 in [mg,ms+el} >0

n—oo
there must be eigenvalues in the interval [mg, m; + €| for arbitrarily
small €. Since 7, ), > my by lemma 4.1, the minimum result is proved.
The maximum result is proved similarly. O
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4.4 Unbounded Toeplitz Matrices

In some applications a sequence of Toeplitz matrices T,,(f) is con-
structed using an integrable f which is not bounded. Nonetheless, we
would like to be able to say something about the asymptotic distri-
bution of the eigenvalues. A related problem arises when the function
f is bounded, but we wish to study the asymptotic distribution of a
function F(7, ) of the eigenvalues that is not continuous at the min-
imum or maximum value of f. For example, F(f(\)) = 1/f(\) or
F(f(A)) =1n f(X) is not continuous at f(\) = 0. In either of the cases
the basic asymptotic eigenvalue distribution theorem 4.2 breaks down
and the limits and integral involved might not exist. The limits might
exist and equal something else, or they might simply fail to exist. In
the next section we delve into a particular case arising when treat-
ing the inverses of Toeplitz matrices when f has zeros, but we state
without proof an intuitive extension of the fundamental Toeplitz result
that shows how to find asymptotic distributions of suitably truncated
functions. To state the result, define the mid function

z Y=z
mid(z,5,2) 2{y z<y<:z (4.40)
r y<z

x < z and the function can be thought of as having input y and thresh-
olds z and X and it puts out y if y is between z and =z, z if y is smaller
than z, and z if y is greater than z. The following result was proved in
[11] and extended in [22]. See also [23, 24, 25].

Theorem 4.3. Consider a sequence T,,(f) of Hermitian Toeplitz ma-
trices (f()\) is real and integrable) then for any function F'(x) contin-
uous on [1), 0]

n—1 g
lim n~ > F(mid (¥, 7k, 0) :(271')_1/2 Flmid(y, f(A), 0] dA.
n—oo 0 0

(4.41)

Unlike theorem 4.2 we pick arbitrary points ¢ and 6 such that F
is continuous on the closed interval [, §]. These need not be the min-
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imum and maximum of f, and indeed these extrema may not even be

bounded.

4.5 Inverses of Hermitian Toeplitz Matrices

We next consider the inverse of an Hermitian Toeplitz matrix.

Theorem 4.4. Let T,,(f) be a sequence of Hermitian Toeplitz matri-
ces such that f()) is Riemann integrable and f(\) > 0 with equality
holding at most at a countable number of points.

(a) T,.(f) is nonsingular

(b) If f(A\) > mjs >0, then

Tn(f)_l ~ Cn(f)_17 (4'42)

where Cy,(f) is defined in (4.29). Furthermore, if we define T, (f) —
Cn(f) = D,, then T,,(f)~! has the expansion

]%(f)_l = [C%(f)+‘I%J_1

-1

= Co(f) [T+ DnCu(f)7}]
= G [T+ DaCa(f) ™+ (DG -+
(4.43)

and the expansion converges (in weak norm) for sufficiently large n.
(c) If f(A\) >my >0, then

10~ ) = {0t [T ol

that is, if the spectrum is strictly positive then the inverse of a Toeplitz
matrix is asymptotically Toeplitz. Furthermore if p,, ;, are the eigenval-
ues of T,,(f)~! and F(z) is any continuous function on [1/My,1/m¢],
then

n—1 T
lim n~ "> Fpn ) = (27r)—1/ F[(1/f(N)]dA. (4.45)

n—oo
k=0 -
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(d) If my = 0, f(A\) has at least one zero, and the derivative of f(\)
exists and is bounded, then T,,(f)~! is not bounded, 1/f(\) is not
integrable and hence T},(1/f) is not defined and the integrals of (4.41)
may not exist. For any finite 6, however, the following similar fact is
true: If F'(z) is a continuous function of [1/M;, 6], then

n—1 2w
nh_)ngo n! ZF[min(pmk,H)] = (277)_1/ Fmin(1/f(\),0)] dA.
k=0 0
(4.46)
Proof.

(a) Since f(A) > 0 except at possible a finite number of points, we
have from (4.9)

2
FO)dA >0

™

1
*T -
Tz o |

n—1
§ :xkezk)\
k=0

so that for all n
mkin Tnk > 0

and hence

n—1
detT,, = H Tnk 7 0
k=0

so that T,,(f) is nonsingular.
(b) From lemma 4.6, T,, ~ C,, and hence (4.40) follows from theorem
2.1 since f(A) > mys > 0 ensures that

IT Lt 1< 1/my < o
The series of (4.41) will converge in weak norm if
|D,C < 1 (4.47)

since
1DnC | <N Ct I HIDn] < (1/mg) | D | n—20 0

(4.45) must hold for large enough n. From (4.40), however, if n is large
enough, then probably the first term of the series is sufficient.
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(c) We have
T ()~ = Tu(1/ )] < |Tu(£) ™ = Cul )7+ 1Cu(F) ™ = Tu(1/£)]-

From (b) for any € > 0 we can choose an n large enough so that

T (f) ™" = Cu( )71 < % (4.48)

From theorem 3.1 and lemma 4.5, C,,(f)~! = C,,(1/f) and from lemma
4.6 C,(1/f) ~ T,(1/f). Thus again we can choose n large enough to
ensure that

|Ca(f) ™ = Tu(1/£)] < €/2 (4.49)

so that for any € > 0 from (4.46)-(4.47) can choose n such that

|Tn(f)_1 - Tn(l/f)| <e€

which is (4.42). Equation (4.43) follows from (4.42) and theorem 2.4.
Alternatively, if G(x) is any continuous function on [1/My,1/my| and
(4.43) follows directly from lemma 4.6 and theorem 2.4 applied to
G(1/z).

(d) When f(X\) has zeros (my = 0) then from Corollary 4.2

lim min7, ; = 0 and hence
n—oo k ’

I T3 |= max pn g = 1/ min 7, (4.50)

is unbounded as n — oo. To prove that 1/f()) is not integrable and
hence that T,,(1/f) does not exist we define the sets

By = {A:1/k> fON/M; > 1/(k+1)}

(N k< Mp/fO) <k +1) (451)

since f(A) is continuous on [0, M| and has at least one zero all of these
sets are nonzero intervals of size, say, |Ey|. From (4.49)

[ vy =Y Ehyagy (152)
- k=1
since f(A) is differentiable there is some finite value n such that

‘% <. (4.53)
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From (4.50) and (4.51)

i) = MO/ -1+ )
= , (4.54)

[e.e]
= (M) Y 1/ (k+1)

k=1
which diverges so that 1/f()) is not integrable. To prove (4.44) let F(x)
be continuous on [1/M¢, 0], then F[min(1/x,6)] is continuous on [0, M|
and hence theorem 2.4 yields (4.44). Note that (4.44) implies that the
eigenvalues of T,;! are asymptotically equally distributed up to any
finite 6 as the eigenvalues of the sequence of matrices T),[min(1/f,0)].
O

A special case of part 4 is when T,,(f) is finite order and f(\) has

at least one zero. Then the derivative exists and is bounded since
m

Z ik‘tkeik)‘

k=—m

df Jd\ =

m
< 3 kil < oo

k=—m

The series expansion of part 2 is due to Rino [6]. The proof of part
4 is motivated by one of Widom [29]. Further results along the lines
of part 4 regarding unbounded Toeplitz matrices may be found in [11].
Related results considering asymptotically equal distributions of un-
bounded sequences can be found in Tyrtyshnikov [28] and Trench [22].
These works extend Weyl’s definition of asymptotically equal distribu-
tions to unbounded sequences and develop conditions for and implica-
tions of such equal distributions.

Extending (a) to the case of non-Hermitian matrices can be some-
what difficult, i.e., finding conditions on f(\) to ensure that T, (f) is
invertible. Parts (a)-(d) can be straightforwardly extended if f(A) is
continuous. For a more general discussion of inverses the interested
reader is referred to Widom [29] and the cited references. It should be
pointed out that when discussing inverses Widom is concerned with the
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asymptotic behavior of finite matrices. As one might expect, the results
are similar. The results of Baxter [1] can also be applied to consider
the asymptotic behavior of finite inverses in quite general cases.

4.6 Products of Toeplitz Matrices

We next combine theorems 2.1 and lemma 4.6 to obtain the asymptotic
behavior of products of Toeplitz matrices. The case of only two matrices
is considered first since it is simpler.

Theorem 4.5. Let T,,(f) and T,,(g) be defined as in (4.5) where f())
and g(\) are two bounded Riemann integrable functions. Define C),(f)
and Cy(g) as in (4.29) and let p,, ;, be the eigenvalues of T, (f)T5(g)

()

Tn(f)Tn(g) ~ Cn(f)cn(g> = Cn(fg) (455)
Tn(f)Tn(g) ~ Tn(g)Tn(f)' (456)
n—1 27
nllngon_lzpi7k = (271')_1/ [FNgNPdA s=1,2,.... (4.57)
k=0 0
(b) If T,,(t) and T),(g) are Hermitian, then for any F'(x) continuous on
[mpmg, My My]
n—1 27
Jm 0 ST P = em 7t [P @5s)
k=0 0

(c)
Tn(f)Tn(g) ~ Tu(f9)- (4.59)

(d) Let f1(A),.., fm(A) be Riemann integrable. Then if the C,,(f;) are
defined as in (4.29)

[17.(5) ~ Ca (H ﬁ) ~ T, (H ﬁ«) : (4.60)
=1

i=1 i=1
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m
(e) If py,  are the eigenvalues of HT"( fi), then for any positive integer

=1
S
n—1 o /M s
lim n" Y " ps = (2m) 7 / (H fi()\)> dX (4.61)
e k=0 0 i=1

If the T5,(f;) are Hermitian, then the p, j are asymptotically real,
i.e., the imaginary part converges to a distribution at zero, so that

n—1 o [/ ™M s
Tim =" (Relpn])® = (2m) 7! / (H f,-(A)) A (4.62)
k=0 0 i=1
n—1
Jim 07ty (Sons))* = 0. (4.63)
k=0

Proof.

(a) Equation (4.53) follows from lemmas 4.5 and 4.6 and theorems 2.1
and 3. Equation (4.54) follows from (4.53). Note that while Toeplitz
matrices do not in general commute, asymptotically they do. Equation
(4.55) follows from (4.53), theorem 2.2, and lemma 4.4.

(b) Proof follows from (4.53) and theorem 2.4. Note that the eigenval-
ues of the product of two Hermitian matrices are real ([15], p. 105).
(c) Applying lemmas 4.5 and 4.6 and theorem 2.1

|Tn(f)Tn(g) - Tn(fg)’
= |Tu(f)T0(g) — Cu(f)Cnlg) + Cu(f)Cnlg) — Tu(f9)]

< |Tn(f)Tn(g) - Cn(f)cn(g)| + |Cn(fg) - Tn(fg)|”j°°0

(d) Follows from repeated application of (4.53) and part (c).

(e) Equation (4.60) follows from (d) and theorem 2.1. For the Her-
mitian case, however, we cannot simply apply theorem 2.4 since the
eigenvalues py, j, of HT”( fi) may not be real. We can show, however,

(3
that they are asymptotically real in the sense that the imaginary part
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vanishes in the limit. Let p, 1 = oy + 6, where oy, and 3, ; are
real. Then from theorem 2.2 we have for any positive integer s

n—1 n—1
lim n_lz(amk +ifpk)® = lim n_lzwz &
n—oo P n—oo P ’

= / [Hfz ]d/\ (4.64)

where 1), ;, are the eigenvalues of C, <H f,) From (2.14)

n—1 n—1 m 2
n! Z lpng> =n"" Z (ai,k + ng) < HTn(fi)
k=0 k=0 =1

From (4.57), theorem 2.1 and lemma 4.4

m m 2

27 m 2
= (2m)! /0 (Hfi(/\)> d\  (4.65)
=1

Subtracting (4.64) for s = 2 from (4.65) yields

2

= lim
n—oo

lim
n—oo

n—1
: -1 2
Jm ) P <0
k=1

Thus the distribution of the imaginary parts tends to the origin and

hence
n—1

1
111Ln010n Zank— 2m)” / [Hf, ] dA.
O
Parts (d) and (e) are here proved as in Grenander and Szegé ([13],
pp. 105-106.
We have developed theorems on the asymptotic behavior of eigen-
values, inverses, and products of Toeplitz matrices. The basic method
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has been to find an asymptotically equivalent circulant matrix whose
special simple structure as developed in Chapter 3 could be directly
related to the Toeplitz matrices using the results of Chapter 2. We be-
gan with the finite order case since the appropriate circulant matrix is
there obvious and yields certain desirable properties that suggest the
corresponding circulant matrix in the infinite case. We have limited our
consideration of the infinite order case to absolutely summable coeffi-
cients or to bounded Riemann integrable functions f(A) for simplicity.
The more general case of square summable ¢ or bounded Lebesgue
integrable f(\) treated in Chapter 7 of [13] requires significantly more
mathematical care but can be interpreted as an extension of the ap-
proach taken here.

4.7 Toeplitz Determinants

The fundamental Toeplitz eigenvalue distribution theory has an inter-
esting application for characterizing the limiting behavior of determi-
nants. Suppose now that T,,(f) is a sequence of Hermitian Toeplitz
matrices such that that f(A) > m; > 0. Let C,, = C,,(f) denote the
sequence of circulant matrices constructed from f as in (4.26). Then
from (4.28) the eigenvalues of C), are f(2rm/n) form =0,1,...,n—1
and hence detC,, = [T f(2rm/n). This in turn implies that

m=0
L1 1= m
In (det(Cp)) = —IndetCy = — > In f(27--).
m=0

These sums are the Riemann approximations to the limiting integral,

whence
1

1
lim In (det(Cy))™ :/ In f(27\) dA.
0

n—oo

Exponentiating, using the continuity of the logarithm for strictly
positive arguments, and changing the variables of integration yields

lim (det(Cy))w = e3=Jo M) ax

This integral, the asymptotic equivalence of C,, and T),(f) (lemma 4.6),
and Corollary 2.4 togther yield the following result ([13], p. 65).
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Theorem 4.6. Let T,,(f) be a sequence of Hermitian Toeplitz matrices
such that In f(\) is Riemann integrable and f(A) > my > 0. Then
1

lim (det(Tp(f)))" = ezx Jo  mFQ) . (4.66)

n—oo
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Applications to Stochastic Time Series

Toeplitz matrices arise quite naturally in the study of discrete time
random processes. Covariance matrices of weakly stationary processes
are Toeplitz and triangular Toeplitz matrices provide a matrix repre-
sentation of causal linear time invariant filters. As is well known and
as we shall show, these two types of Toeplitz matrices are intimately
related. We shall take two viewpoints in the first section of this chapter
section to show how they are related. In the first part we shall con-
sider two common linear models of random time series and study the
asymptotic behavior of the covariance matrix, its inverse and its eigen-
values. The well known equivalence of moving average processes and
weakly stationary processes will be pointed out. The lesser known fact
that we can define something like a power spectral density for autore-
gressive processes even if they are nonstationary is discussed. In the
second part of the first section we take the opposite tack — we start
with a Toeplitz covariance matrix and consider the asymptotic behav-
ior of its triangular factors. This simple result provides some insight
into the asymptotic behavior of system identification algorithms and
Wiener-Hopf factorization.

The second section provides another application of the Toeplitz
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distribution theorem to stationary random processes by deriving the
Shannon information rate of a stationary Gaussian random process.
Let {Xk; k € Z} be a discrete time random process. Generally we
take Z = Z, the space of all integers, in which case we say that the
process is two-sided, or T = Z,, the space of all nonnegative integers,
in which case we say that the process is one-sided. We will be interested
in vector representations of the process so we define the column vector
(n—tuple) X™ = (Xo, X1,..., Xn—1)%, that is, X" is an n-dimensional
column vector. The mean vector is defined by m™ = E(X™), which we
usually assume is zero for convenience. The n X n covariance matrix

R, = {rj} is defined by
R, = E[(X" —m™)(X"™ —m")*]. (5.1)

This is the autocorrelation matrix when the mean vector is zero. Sub-
scripts will be dropped when they are clear from context. If the matrix
R, is Toeplitz, say R,, = T,,(f), then r; ; = r,_; and the process is said

o
to be weakly stationary. In this case we can define f(\) = Z riett
k=—o00
as the power spectral density of the process. If the matrix R,, is not

Toeplitz but is asymptotically Toeplitz, i.e., R, ~ T, (f), then we say
that the process is asymptotically weakly stationary and once again
define f(\) as the power spectral density. The latter situation arises, for
example, if an otherwise stationary process is initialized with X, = 0,
k < 0. This will cause a transient and hence the process is strictly
speaking nonstationary. The transient dies out, however, and the statis-
tics of the process approach those of a weakly stationary process as n
grows.

The results derived herein are essentially trivial if one begins and
deals only with doubly infinite matrices. As might be hoped the results
for asymptotic behavior of finite matrices are consistent with this case.
The problem is of interest since one often has finite order equations
and one wishes to know the asymptotic behavior of solutions or one
has some function defined as a limit of solutions of finite equations.
These results are useful both for finding theoretical limiting solutions
and for finding reasonable approximations for finite order solutions. So
much for philosophy. We now proceed to investigate the behavior of
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two common linear models. For simplicity we will assume the process
means are zero.

5.1 Moving Average Processes

By a linear model of a random process we mean a model wherein we
pass a zero mean, independent identically distributed (iid) sequence of
random variables W), with variance o2 through a linear time invariant
discrete time filtered to obtain the desired process. The process W is
discrete time “white” noise. The most common such model is called a
moving average process and is defined by the difference equation

Un=> bWor=> bW (5.2)
k=0 k=0
U,=0; n<O.

We assume that by = 1 with no loss of generality since otherwise we
can incorporate by into o2. Note that (5.2) is a discrete time convolu-
tion, i.e., U, is the output of a filter with “impulse response” (actually
Kronecker § response) by and input Wj. We could be more general by
allowing the filter b, to be noncausal and hence act on future Wp’s.
We could also allow the W}’s and Uy’s to extend into the infinite past
rather than being initialized. This would lead to replacing of (5.2) by

o o
U= Y bWng= > busWs (5.3)
k=—00 k=—o00
We will restrict ourselves to causal filters for simplicity and keep the
initial conditions since we are interested in limiting behavior. In addi-
tion, since stationary distributions may not exist for some models it
would be difficult to handle them unless we start at some fixed time.
For these reasons we take (5.2) as the definition of a moving average.
Since we will be studying the statistical behavior of U, as n gets
arbitrarily large, some assumption must be placed on the sequence by,
to ensure that (5.2) converges in the mean-squared sense. The weakest
possible assumption that will guarantee convergence of (5.2) is that

o0

D Jbef? < o0 (5.4)

k=0
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In keeping with the previous sections, however, we will make the
stronger assumption

> Jbe] < oo (5.5)
k=0

As previously this will result in simpler mathematics.
Equation (5.2) can be rewritten as a matrix equation by defining
the lower triangular Toeplitz matrix

1 0

by 1

ba by
B,=] . (5.6)

by

_bn_l by b1 1]
so that

U" = B,W". (5.7)

If the filter b, were not causal, then B,, would not be triangular. If in
addition (5.3) held, i.e., we looked at the entire process at each time
instant, then (5.7) would require infinite vectors and matrices as in
Grenander and Rosenblatt [12]. Since the covariance matrix of Wy is
simply o21,, where I, is the n x n identity matrix, we have for the
covariance of Uy:

R} = EUMU")* = EB,W"(W")*B;

5.8
0B, B} (5:8)

or, equivalently
n—1
_ 2 7
Thi = 02 b kb
/=0

min(k,7) -
B S
=0

From (5.9) it is clear that r;, ; is not Toeplitz because of the min(k, j) in
the sum. However, as we next show, as n — oo the upper limit becomes
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)

large and RgL becomes asymptotically Toeplitz. If we define

b(A) =) bre’™ (5.10)
k=0
then
B, = T, (b) (5.11)
so that
RM = 62T, (b)T, (b)* (5.12)

We can now apply the results of the previous sections to obtain the
following theorem.

Theorem 5.1. Let U,, be a moving average process with covariance
matrix Ry, . Let p, . be the eigenvalues of RgL). Then

R™ ~ 02T, (1b2) = T (0?|b]?) (5.13)

so that U, is asymptotically stationary. If m < |b(y)|* < M and F(z)
is any continuous function on [m, M|, then

n—1 o
lim n~ "> " F(ppg) = (2m) 7! / F(a?[b(\)[?) dA. (5.14)
If [b(\)|2 > m > 0, then
-1
R~ 02T (10 (5.15)
Proof. Theorems 4.2-4.4 and 2.4. O

If the process U,, had been initiated with its stationary distribution
then we would have had exactly

R = o2T, (1)

-1
More knowledge of the inverse Rgl )™ can be gained from theorem

4.3, e.g., circulant approximations. Note that the spectral density of
the moving average process is 0?|b(\)|? and that sums of functions of
eigenvalues tend to an integral of a function of the spectral density. In
effect the spectral density determines the asymptotic density function

for the eigenvalues of R,, and T,.
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5.2 Autoregressive Processes

Let W} be as previously defined, then an autoregressive process X, is
defined by

n
Xn=-Y axXok+Wy n=0]1,...
k=1
X, =0 n < 0. (5.16)

Autoregressive process include nonstationary processes such as the
Wiener process. Equation (5.16) can be rewritten as a vector equation
by defining the lower triangular matrix.

1
al 1 0
al 1
Ay, = ) ) (5.17)
i Ap—1 aj 1 ]
so that
A X =W
We have
R = A,RW A% (5.18)
since det A, =1 # 0, A4, is nonsingular so that
RY =024 4" (5.19)
or
(RP)~! = 0247 A, (5.20)
or equivalently, if (Rg?))_l = {ty;} then
n n—max(k,j)
tk; = Z Um—kQm—j = Z Am Gyt (k—7) -
m=0 m=0

Unlike the moving average process, we have that the inverse covariance
matrix is the product of Toeplitz triangular matrices. Defining

a(N) = iakei“ (5.21)
k=0
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we have that
(RUN)™Y = 72T}, (a)* T (a) (5.22)

and hence the following theorem.

Theorem 5.2. Let X,, be an autoregressive process with covariance
matrix Rg?) with eigenvalues py, .. Then

(RY)™ ~ 02T (Jaf). (5.23)

If m’ < |a()\)|? < m/, then for any function F(x) on [m’, M’] we have

n—1 2
lim 7' > F(1/pnx) = (2m) 7" F(o?|a(\)|?) dX, (5.24)

where 1/p,, , are the eigenvalues of (Rg?))_l. If |a(\)|> > m/ > 0, then
R ~ T (1/af?) (5.25)

so that the process is asymptotically stationary.

Proof. Theorem 5.1. O

Note that if [a()\)|? > 0, then 1/|a())|? is the spectral density of X,,.
If |a(\)|? has a zero, then Rg?) may not be even asymptotically Toeplitz
and hence X,, may not be asymptotically stationary (since 1/|a())|?
may not be integrable) so that strictly speaking xj; will not have a
spectral density. It is often convenient, however, to define 02 /|a()\)|? as
the spectral density and it often is useful for studying the eigenvalue
distribution of R,. We can relate 02/|a(\)|? to the eigenvalues of Rg?)
even in this case by using theorem 4.3 part 4.

Corollary 5.1. If Xj, is an autoregressive process and p, ; are the
eigenvalues of Rg?), then for any finite 6 and any function F'(z) contin-

uous on [1/m/, 6]

n—1 27
nli_}n;()n_1 ZF[min(pn,k,H)] = (2%)_1/ Flmin(1/|a(y)[%,6)] dA.
k=0 0

(5.26)
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Proof. Theorem 5.2 and theorem 4.3. O

If we consider two models of a random process to be asymptotically
equivalent if their covariances are asymptotically equivalent, then from
theorems 5.1d and 5.2 we have the following corollary.

Corollary 5.2. Consider the moving average process defined by
" =T,(b)Ww"
and the autoregressive process defined by
Th(a) X" =W"n.
Then the processes U,, and X,, are asymptotically equivalent if
a(A) =1/b(N)
and M > a(\) > m > 0 so that 1/b(\) is integrable.

Proof. Follows from theorems 4.3 and 4.5 and
RY = o¥T,(a)' T (a)*
~ ?T(1/a)T,(1/a)*
~ o*T,(1/a)*Ty(1/a). (5.27)

Comparison of (5.27) with (5.12) completes the proof. O
The methods above can also easily be applied to study the mixed
autoregressive-moving average linear models [29].

5.3 Factorization

Consider the problem of the asymptotic behavior of triangular factors
of a sequence of Hermitian covariance matrices T),(f). It is well known
that any such matrix can be factored into the product of a lower tri-
angular matrix and its conjugate transpose ([12], p. 37), in particular

To(f) = {tr;} = BB}, (5.28)
where B,, is a lower triangular matrix with entries

by = {(det Ty,) det (Tu—1)} /2y (j, k). (5.29)



5.3. Factorization 71

where (7, k) is the determinant of the matrix T} with the right hand
column replaced by (¢j0,¢)1,---,tjx—1)". Note in particular that the
diagonal elements are given by

by) = {(det Ty,)/(det Tj,—1) }/2. (5.30)

Equation (5.29) is the result of a Gaussian elimination or a Gram-
Schmidt procedure. The factorization of T, allows the construction of a
linear model of a random process and is useful in system identification
and other recursive procedures. Our question is how B, behaves for
large n; specifically is B,, asymptotically Toeplitz?

Assume that f(A\) > m > 0. Then In f()\) is integrable and we can
perform a Wiener-Hopf factorization of f()\), i.e.,

f) = a*pV)P

b(A) = b(=\)

~ . (5.31)
bA) = Y et
k=0

bp = 1
From (5.28) and theorem 4.4 we have
BpBE = Ty(f) ~ Ta(ob) T (ab)*. (5.32)
We wish to show that (5.32) implies that

By, ~ Ty(cb). (5.33)

Proof. Since detT,(cb) = o™ # 0, T,(ob) is invertible. Likewise,
since det B,, = [det T;,(f)]*/? we have from theorem 4.3 part 1 that
det T,,(f) # 0 so that B, is invertible. Thus from theorem 2.1 (e) and
(5.32) we have

T.'B, = B 'T,] " ~ B~ = B 'T}]*. (5.34)

Since B,, and T,, are both lower triangular matrices, so is B,, I and
hence B, T;, and [B;,'T,,]~'. Thus (5.34) states that a lower triangular
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matrix is asymptotically equivalent to an upper triangular matrix. This
is only possible if both matrices are asymptotically equivalent to a
diagonal matrix, say G,, = {g,i",i&kvj}. Furthermore from (5.34) we have
G~ Gl

{|91(;,L12|25k,j} ~ I, (5.35)

Since T}, (ob) is lower triangular with main diagonal element o, T},(ob) !
is lower triangular with all its main diagonal elements equal to 1/0 even
though the matrix T;,(ob) ™! is not Toeplitz. Thus glgn,z = blg",z /o. Since
T, (f) is Hermitian, by 1, is real so that taking the trace in (5.35) yields

n—1

lim o2 'y (b,ﬁ’j,ﬂ)Q —1. (5.36)

n—00
k=0

From (5.30) and Corollary 2.4, and the fact that 7;,(ob) is triangular
we have that

n—1
Tim o~ ln Y B = o lim {(det T (f))/(det T (£)) 112
k=0

= o 'lim {det T,,(f)}*/**¢~! lim {det T},(cb)}'/™

= o " o=1

(5.37)

Combining (5.36) and (5.37) yields
lim |B,'T,, — I,| = 0. (5.38)
Applying theorem 2.1 yields (5.33). O

Since the only real requirements for the proof were the existence of
the Wiener-Hopf factorization and the limiting behavior of the deter-
minant, this result could easily be extended to the more general case
that In f(\) is integrable. The theorem can also be derived as a special
case of more general results of Baxter [1] and is similar to a result of
Rissanen and Barbosa [18].
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5.4 Differential Entropy Rate of Gaussian Processes

As a final application of the Toeplitz eigenvalue distribution theo-
rem, we consider a property of a random process that arises in Shan-
non information theory. Given a random process {X,} for which a
probability density function fxn(z™) is for the random vector X" =
(X0, X1,...,X,—1) defined for all positive integers n, the Shannon dif-
ferential entropy h(X™) is defined by the integral

") = = [ e log fxna") da”
and the differential entropy rate is defined by the limit

B(X) = Tim Lh(X™)

n—oo N

if the limit exists. (See, for example, Cover and Thomas[5].) The loga-
rithm is usually taken as base 2 and the units are bits. We will use the
Toeplitz theorem to evaluate the differential entropy rate of a station-
ary Gaussian random process.

A stationary zero mean Gaussian random process is completely de-
scribed by its mean correlation function Rx(k,m) = Rx(k —m) =
E[(Xr — m)(Xx — m)] or, equivalently, by its power spectral density
function -

S(f)= Y. Rx(n)e >,
n=—oo
the Fourier transform of the covariance function. For a fixed positive
integer n, the probability density function is

1 1/.n n\tp—1l/.n n
n ny — —*(LE -m ) Ry (:E -m )
fX ({L’ ) (27-()"/2det(Rn)1/2 e 2 )

where R,, is the n X n covariance matrix with entries Ry (k,m), k,m =
0,1,...,n—1. A straightforward multidimensional integration using the
properties of Gaussian random vectors yields the differential entropy

1
h(X"™) = 3 log(2me)"det R,,.

If we now identify the the covariance matrix R,, as the Toeplitz ma-
trix generated by the power spectral density, T,,(S), then from theorem
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4.5 we have immediately that
1
hX) =3 log(2me)a?, (5.39)

where )
02 = L / In S(f)df. (5.40)
27'(' 0

The Toeplitz distribution theorems have also found application
in more complicated information theoretic evaluations, including the
channel capacity of Gaussian channels [27, 26] and the rate-distortion
functions of autoregressive sources [9, 14]. The discussion by Hashimoto
and Arimoto [14] claims that there is a “contradiction” between their
results and the results of [9] and implicitly in [27, 26], but the alleged
contradiction arises only because they attempt to apply the equal dis-
tribution theorem to a situation where it does not apply. Specifically,
they look at a limiting point where a parameter 6 is 0 while the other
cited results require # > 0. Hashimoto and Arimoto essentially demon-
strate that the results are discontinuous as 8§ — 0. Eventually the au-
thor and Hashimoto intend to write a correspondence item discussing
the apparent discrepancy.
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